THE MODULAR CLASS OF A POISSON MAP 



RAQUEL CASEIRO AND RUI LOJA FERNANDES 



Abstract. Wc introduce the modular class of a Poisson map. We look at 
several examples and we use the modular classes of Poisson maps to study the 
behavior of the modular class of a Poisson manifold under different kinds of 
reduction. We also discuss their symplcctic groupoid version, which lives in 
groupoid cohomology. 



Introduction 

The modular class is arguably one of the most basic global invariants in Poisson 
geometry. For a Poisson manifold M, its modular class mod(M) is an element 
of the first Poisson cohomology group H^(M), which measures the obstruction to 
the existence of a measure in M invariant under all hamiltonian diffeomorphisms 
([21, 28]). In this work we study how the modular class behaves under a Poisson 
morphism. This study is motivated by such basic questions as what happens to the 
modular class under a symmetry reduction or under restriction to a submanifold. 

The notion of modular class extends to Lie algcbroids (see [8]). Given a Poisson 
manifold M, its cotangent bundle T*M has a natural Lie algebroid structure and 
mod(M) agrees, up to a factor, with the modular class of T*M. The modular class 
of a Lie algebroid morphism was introduced and studied in [18, 19, 20]). Note, 
however, that a Poisson map <f> : M — > N, in general, does not induce a morphism 
between the cotangent Lie algebroids T*M and T*N, nor even a map at the level 
of Poisson cohomology. This lack of functorial behavior of a Poisson map makes 
the definition of its modular class less obvious. 

In order to define the modular class of a Poisson map we will use coisotropic 
calculus and this will bring us back into the realm of Lie algcbroids. Recall that a 
map <f> : M — > N between two Poisson manifolds is Poisson if and only if its graph is 
a coisotropic submanifold of M x N ([29]). This condition can also be expressed by 
saying that the conormal bundle to the graph is a Lie subalgcbroid of the product 
Lie algebroid T*M x T*N. Equivalently, the pullback bundle 4>*T*N carries a nat- 
ural Lie algebroid structure and we denote its Lie algebroid cohomology by H '(<j>). 
We will define the modular class of cf> to be a certain Lie algebroid cohomology class 
mod((/>) £ H *(<!>). This class mod(^) will have representatives certain vector fields 
along the Poisson map cj> and we will see that it is the obstruction to the existence 
of measures (i in M and v in N, such that the associated modular vector fields are 
(^-related. 

This paper is organized as follows. After introducing and establishing basic 
properties of the modular class of a Poisson map in Section 1, we look at various 
applications of this notion. First, in Section 2, we consider Poisson immersions 
and Poisson submanifolds. Wc introduce the relative modular class modAr(M) of a 
Poisson submanifold N C M to be the opposite of the modular class of the inclusion. 
Then we establish the following relationship between the relative modular class of 
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N and the linear Poisson holonomy /ijv(a) : v(N) x — > v{N) y along a cotangent loop 
a : I T^M: 

Theorem 0.1. For any cotangent loop a : I — > T^M on a Poisson submanifold 
N C M one has: 



This extends a result of Ginzburg and Golubev [16], who considered the special 
case of a symplectic leaf. 

In Section 3, we turn to Poisson submersions and reduction. First, we show 
how one can compute the modular class of a Poisson submersion as a characteristic 
class of a certain representation and we apply this result to conclude that for a free 
and proper Poisson action G X M —> M the modular class of the quotient map 
M — > M/G vanishes. This vanishing result allows to understand the behavior of 
the modular class under reduction. In this direction we prove two results. First, 
for any free and proper Poisson action, we consider the Poisson cohomology of 
projectable multivector fields, denoted by H^ ra - (M), for which there are maps 
into the ordinary Poisson cohomology of M and M/G: 



and we show that: 

Theorem 0.2. For a proper and free Poisson action there is a cohomology class 
mod(M , G) £ -ffproj jr(-^0> which in the diagram above maps to mod(M) € H„(M) 
and to mod(M/G) G Hl{M/G). 

We call mod(M, G) the modular class of the Poisson action. This approach 
allows us to understand the modular classes of many examples of Poisson quotients. 
If mod(M, G) = the theorem guarantees that mod(M/G) = 0. For example, we 
show that for an action of a compact group by Poisson diffcomorphisms, mod(M) = 
implies that mod(M, G) — and hence that mod(M/G) =0. As a consequence, 
only Poisson manifolds with zero modular class can be quotients of symplectic 
manifolds by compact group actions. On the other hand, we give examples where 
G is unimodular, mod(M) = but mod(M/G) ^ (and, of course, the modular 
class of the action is non-zero). 

We also study Hamiltonian actions admitting a moment map k : M — > G* . In 
this case, we compute the class mod(fc) in terms of the adjoint character of the Lie 
algebra g and this allows us to show that if G is unimodular and mod(M) = 
then mod(Af/G) = 0. In order to understand the modular class of the hamiltonian 
quotient M//G := k~ 1 (e)/G we introduce the Poisson cohomology -ff" pro j(fc) of 
multivector fields which are projectable and tangent to the fiber fc _1 (e), for which 
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We show that: 

Theorem 0.3. Let G x M — >• M be a proper and free hamiltonian action. There 
is a class modc(M) £ iT\ pro j(fc) which in the diagram above maps to the modular 
classes mod(M) G H^{M) and mod(M//G) G Hl(M//G). 

We call the class modG(M) the equivariant modular class of the hamilton- 
ian action. Again, this approach allows us to compute the modular class of the 
hamiltonian quotient Mj /G in many examples. For example, we show that for an 
action of a compact group by Poisson diffeomorphisms, mod(A/) = implies that 
mod G (M) = and hence that mod(M//G) = 0. 

In the final section of the paper we discuss how the previous results at the level of 
the symplectic groupoids integrating Poisson manifolds, relating the modular class 
of Poisson manifolds and the modular characters of their integrating symplectic 
groupoids. 
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1. POISSON MAPS AND THE MODULAR CLASS 

In this section, we first review the notion of modular class for Poisson manifolds. 
Lie algebroids and morphisms of Lie algcbroids. Then we introduce the modular 
class of a Poisson map and we state its basic properties. 

1.1. Modular class of a Poisson manifold. Let (M, {■,•}) be a Poisson man- 
ifold. We will denote by ir £ X 2 (M) the associated Poisson tensor which is given 
by 

7r(df,dg):={f,g}, (f,g e C°°(M)) 

and by 7r" : T*M — > TM the vector bundle map defined by 

J(dh)=X h :={h,-}, 

where Xh is the hamiltonian vector field determined by h 6 C°°(M). Recall also 
that the Poisson-Lichnerowicz cohomology [22] of (M, ir) is the cohomology of the 
complex of multivector fields (X*(M),d 7r ), where the coboundary operator is de- 
fined by taking the Schouten bracket with the Poisson tensor: 

d n A = [n,A]. 

This cohomology is denoted by H'(M). We will be mainly interested in the first 
Poisson cohomology space H^(M), which is just the space of Poisson vector fields 
modulo the hamiltonian vector fields. Note that our conventions are such that the 
hamiltonian vector field associated with the function h is given by: 

(1) X h = -[n,h] = -d % h. 

If we assume that M is oriented, then we can ask the following question: 

Is there a volume form \i £ f2 top (M) which is invariant under all 
hamiltonian flows? 

To answer this question one chooses any volume form fi and computes its Lie 
derivative along hamiltonian vector fields. This leads to a unique vector field X^ 6 
X(M) such that: 

One calls X^ the modular vector field of the Poisson manifold (M, ir) relative 
to [i. It is easy to check that: 

(a) The vector field X M is Poisson: £x li n = 0; 

(b) If v — gyu is another volume form, then: 

(2) X gil = X^ — X\ n . 

This leads to the following definition, which is due to Alan Wcinstcin [28] : 

Definition 1.1. The modular class of a Poisson manifold (M, it) is the Poisson 
cohomology class 

mod(M) := [X„] G F^(M). 

Note that we can find a volume form /i with X^ = if and only if mod(M) = 0. 
Since X^ = if and only if \x is invariant under all hamiltonian flows, the modular 
class is the obstruction to the existence of a volume form in (M, tt) invariant under 
all hamiltonian flows. 

Remark 1.2. We have assumed that M is oricntablc. If this is not the case, one 
can still define modular vector fields and modular classes if one replaces volume 
forms by half densities. In this paper, we will always assume the manifolds to be 
orientable, but our results remain valid in the non-orientable case. 
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Example 1.3. Let (G, ttq) be a Poisson-Lie group with Lie algebra g. The adjoint 
characters of g* and g denoted, respectively, by xo & and by £0*, are defined 
by: 

(r),xo) =tr(ad r 77), (tf , = tr(ad B £), (£efl,??e0*). 
Evens, Lu and Wcinstcin ([8]) proved that the modular vector field of ttq relative 
to any left invariant volume form v L is given by: 

(3) X v l =±(xo+Xo +ttg(^)). 

The 1-form z?£ is exact: tf£ = dln/ , where f := dct Ad G : A top g -> A top g. It 
follows that the modular class of G is 

'1 



mod G 



CHUG) 



and hence modG=0 if and only if xo = 0, i.e. g* is an unimodular Lie algebra. 

Our next question, which is the main subject of this paper is the following: 
Let (f> : M — > N be a Poisson map. Is there a relationship between 
mod(M) andmod(N)? 
Note that a Poisson map, in general, does not induce a map in Poisson cohomology. 

Example 1.4. Consider M = R 4 with the canonical symplcctic structure lj, so 

the associated Poisson structure is: 

d d d d 
km = tt- A — — h -jr- A — . 

ox oy oz aw 

The volume form [i = ui 2 is invariant (the Liouville theorem), so mod(A7) = 0. 
On the other hand, consider N = M 2 with the linear Poisson structure: 

d d 
= a— A — . 

oa 00 

The modular vector field relative to v = da A db is X u = . Since the axis a = 
consists of zeros of tt^, we see that X u cannot be hamiltonian and mod(iV) ^ 0. 
Finally, we observe that there is a Poisson map <j> : R 4 — > M 2 given by: 

<f>(x,y,z,w) = (y,zw - xy). 

This map is a surjectivc submersion when restricted to the open subset of R 4 
obtained by excluding the x-axis. 

We will introduce later the modular class of a Poisson map which, in a sense to 
be made precise, measures the failure in preserving the modular classes. For that, 
we need to turn first to Lie algcbroids. 

1.2. Modular class of a Lie algebroid. A Lie algebroid also has a modular 
class which lives in Lie algebroid cohomology, as was first explained in [28] and 
then studied in detail in [8]. 

Let A — > M be a Lie algebroid over M, with anchor p : A — > TM and Lie bracket 
[■, ■] : T(A) x T(A) -> T(A). We will denote by n k {A) = T(A k A*) the A-forms and 
by X k (A) = T(A k A) the A-multivector fields. Recall that we have a Cartan calculus 
associated with A, where one defines the A-diffcrcntial d,4 : tt k (A) — > fl k+1 (A), the 
Lie A-derivativc operator £x and the contraction operator ix, where X G X(A) is 
an "A-vcctor field". Moreover, we also have Cartan's magic formula (see, e.g., [8]): 

£x = ix^A + dAix- 

The cohomology of the complex (£l'(A), d^) is the Lie algebroid cohomology which 
will be denoted by H*(A). Also, the space of A-multivector fields carries a graded 
Lie algebra bracket [ , ]a, the A-Schouten bracket, which extends the Lie bracket 



() 
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on T(A) = X{A). For X £ X(A) and P £ 3t k {A), we also write the bracket [X, P] A 
as £ X P- 

A representation of A is a vector bundle E — > M together with a flat A- 
connection V (see, e.g., [4, 10]). The usual operations © and <g) on vector bundles 
turn the space of representations Rcp(A) into a semiring. Given a morphism of Lie 
algebroids: 



M *~N 

4> 

there is a pullback operation on representations E M- <j>*E, which gives a morphism 
of rings (j>* : Rep(-B) — > Rcp(A) (often, we will denote by the same letter the bundle 
and the representation). 

Representations, as usual, have characteristic classes (see, e.g., [3]). Here we are 
interested in line bundles L £ Rep(A) for which the only characteristic class can be 
obtained as follows: Assume first that L is orientable, so that it carries a nowhere 
vanishing section fj, £ T(L). Then: 

VxH = (a fl ,X) f i, VXeX(A). 

The 1-form a M £ 17 1 (A) is d^-closed and is called the characteristic cocycle of 

the representation L. Its cohomology class is independent of the choice of section 
fi and defines the characteristic class of the representation L: 

char(L) := [a M ] £ if 1 (A). 

One checks easily that if L, L\, L2 £ Rep (A), then: 

char(£*) = — char(i), char(Li ® L2) = char(Li) + char(L2)- 

Also, if ($, 7r) : A —> B is a morphism of Lie algebroids, and L £ Rep(-B) then: 

char(0*i) = $* char(L), 

where $* : H*(B) — > H'(A) is the map induced by $ at the level of cohomology. 
If L is not orientable, then one defines its characteristic class to be one half that of 
the representation L ® L, so the formulas above still hold, for non-orientable line 
bundles. 

Every Lie algebroid A — > M has a canonical representation on the line bundle 
L A = A top A g, A top T * M . 

Vx(w ® fx) = £xw ® fJ- + <*> ® £ p (x)H- 

Then we set: 

Definition 1.5. The modular cocycle of a Lie algebroid A relative to a nowhere 
vanishing section ui (g) fi £ L(A top A (g) A top T*M) is the characteristic cocycle a u ® M 
of the representation L. The modular class of A is the characteristic class: 

mod(A) := [a u8(1 ] £ H\A). 

Example 1.6. For any Poisson manifold (M,ir) there is a natural Lie algebroid 
structure on its cotangent bundle T*M: the anchor is p — 7r" and the Lie bracket 
on sections of A = T*M, i.e., on 1-forms, is given by: 

[a, j3] = £^0/3 — £n»p a — dir(a, /3). 

The Poisson cohomology of (M, tt) is just the Lie algebroid cohomology of T*M, 
and the two definitions above of the modular class differ by a multiplicative factor: 

mod(T*M) = 2mod(M). 
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Because of this relation, a factor 2 appears in some of our formulas. 

If $ : A — > B is a morphism of Lie algebroids covering a map <f> : M —> N, the 
induced morphism at the level of cohomology $* : H'(B) — > H'{A), in general, 
does not map the modular class of B to that of A. Therefore one sets ([20]): 

Definition 1.7. The modular class of a Lie algebroid morphism $ : A — > B is 
the cohomology class defined by: 



The modular class of a morphism ($, (/)) : A — »• B can be seen as the modular class 
of a representation. Namely, one takes the canonical representations L A G Rep(A) 
and L B G Rep(B) and forms the representation L* := L A ® (j)*{L B )*. Then: 

Proposition 1.8 ([2D]). Let {<& : 4>) : A — > B be a Lie algebroid morphism. Then: 



We refer to [20] for the proof and for other properties of the modular classes of 
Lie algebroids and their morphisms. 

1.3. Modular class of a Poisson map: definition. Let <f> : M — >• N be a Poisson 
map. Note that, in general, <£> does not induce a morphism neither of the associated 
cotangent Lie algebroids, nor in Poisson cohomology. In order to understand what 
happens in cohomology, we need( x ): 

Proposition 1.9 (Weinstein [29]). Let <f> : M — > N be a map between two Poisson 
manifolds. The following statements are equivalent: 

(i) <j) is a Poisson map; 

(ii) graph(</>) C M x N is a coisotropic submanifold; 

(Hi) The conormal bundle ^*(graph(0)) is a Lie subalgebroid of T* M x T*N. 

Here wc arc using the following standard convention: if (N, ttn) is a Poisson 
manifold, then N denotes the opposite Poisson manifold (N, —ttn). So if (M,wm) 
is also a Poisson manifold, then M x N denotes the cartesian product of M and N 
with the Poisson tensor ttm x (— T/v)- 

The following proposition provides a more convenient description of the Lie al- 
gebroid ^*(graph(</>)): 

Proposition 1.10. Let <fi : M — > N be a Poisson map. Then A := <f>*T*N carries 
a natural Lie algebroid structure which is characterized by: 



mod($) := mod{A) - $* mod(S) G H l {A). 
Clearly, if $ : A — > B and ^ : B — >• C are Lie algebroid morphisms, then: 
mod(* o $) = mod($) + $* mod(*). 



mod($) = char(L ). 



(4) 
(5) 

for a, P G fi 1 




(6) 




T*M 



T*N 



are Lie algebroid morphisms and we have <p*T*N ~ f*(graph(</>)). 



submanifold C C M of a Poisson manifold is called coisotropic if 7r"(f*(C)) C TC, where 
v*(C) = (TC)° denotes the conormal bundle of C in M. 
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Proof. We have an isomorphism of vector bundles: 

cj)*T*N i/*(graph(») C T*M x T*N 



M > graph(</>)) cMxJV 

given by (m, a) i— > ((d m </>)*a, —a) and covering the diffcomorphism m > (m, <j){m)). 
Under this isomorphism, the Lie bracket and the anchor on f*(graph(0)) lead to 
the expressions (4) and (5), while composition with the projections on each factor 
give Lie algebroid morphisms. 

In general, the natural map <j)*T*N -> T*M will not be injective, so (f>*T*N will 
not be a Lie subalgebroid of T*M. Still, sections of <f>*T* N of the form <p*a where 
a E fi 1 (7V), can be identified with the sections <p*a E fi 1 (M) (the usual pullback 
of 1-forms). An arbitrary section of <j>*T*N is just a 1-form along <f> and can be 
written as a finite combination fi(j)*ai, where fi E C°°(M) and a; E ^(N). 
Hence, expressions (4) and (5) determine completely the Lie bracket and the anchor 
of A = c/)*T*N. □ 

Henceforth, for a Poisson map cf> : M — > N, we will denote by X'(</)) the complex 
of the Lie algebroid <f)*T*N and by H'(cf)) its cohomology. Our basic definition is 
the following: 

Definition 1.11. Let <fi : M — > N be a Poisson map. The modular class of <fi is 

the class: 

modO) := i* mod(M) - j* mod(iV) e £^(</>). 

In order to motivate this definition, suppose that the map </> : M — > N was 
covered by a Lie algebroid homomorphism $ : T*M — » T*N (the dotted arrow in 
the diagram), making the diagram (6) commutative. The composition property for 
the modular classes of Lie algebroid morphisms yields: 

mod(j) = mod(i) + i* mod(<I>). 

Hence, we would have: 
i* mod(<I>) = mod(j) — mod(i) 

= (mod(<j>*T*N) - j* mod(T*7V)) - {mod(<j)*T*N) - i* mod(T*M)) 

= i* mod(T*M) - j* mod(T*N) 
and this justifies our definition. 

1.4. Modular class of a Poisson map: basic properties. Notice that an 
element P E fl k ((f>*T*N) is just a fc-vector field along 0, i.e., a smooth map 
P : M -> A k TN such that P x E A k T^ x) N. Therefore, the modular class of 
<j> has representatives which are vector fields along (j). Note also, that the maps 
i* : H'(M) -> H'(4>) and j* : H*(<j>) H*(N) at the level of multivector fields 
are just: 

i* : X*(M) — » X'((p), P^d(/)-P, 
f : X'(4>) -> X'(N), Q^Po(j). 

The following lemma, which gives an explicit representative for the modular class, 
should now be obvious: 

Lemma 1.12. Let <j> : M —> N be a Poisson map and fix volume forms fi E 
f2 top (M), v E Q top (N). The modular class mod(</>) is represented by: 

X^ v = d<p ■ - X v o 0, 
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where and X v are the modular vector fields of wm o- n d ""jv relative to /i and v. 

We will refer to X^^ as the modular vector field of relative to fi and v. 

Corollary 1.13. The class mod(0) is the obstruction to the existence of volume 
forms \i € Q top (M) and v S f2 top (7V), such that the modular vector fields X^ and 
X v are (^-related. 

Proof. The Poisson map <fi has trivial modular class if its modular vector fields are 
exact in the Lie algebroid cohomology of cj)*T*N, i.e., if for each fi S f2 top (M) and 
v e n to P(N), 

X»,u = d rT -Nf = -d<j> ■ X f , for some / G C°°(M). 

By definition X^ >v = d(f> ■ — X u o</>, hence we have d(f>.(X^ + Xf) = X v o</>, and 
taking into account equation (2), we conclude that X e -f „ and X v are 0-related. □ 

Corollary 1.14. The modular class of a Poisson diffeomorphism is trivial. 

Proof. Suppose (f> : M — > N is a Poisson diffeomorphism and let v be a volume 
form on TV. The modular vector field of <fi relative to <f>*v and v vanishes: 

d(j> ■ X 4> , lJ (f) 4>*v = X 4> , v (f acj)) (j>*v = £ n t^ (ji , d ^(f>*v 

□ 

Our next proposition gives the composition property of the modular classes of 
Poisson maps. For that, we note that if <fi : M — > N and ip : N — S- Q are Poisson 
maps, there are induced maps in cohomology: 

V->* : H'(<f>) -> H'(i/> o 0), P^drp- P, 

Proposition 1.15. Let cf> : M — >• N and tp : N — > Q be Poisson maps. Then: 

mod(^i o (f>) = ip* mod(0) + (jf mod^)- 
Proof. The following diagram commutes: 




Hence, we find: 

mod(i/> o 4>) = i* o4> mod(M) - j* 4 , ocf> mod(Q) 
= mod(M) - mod(Q) 

= tpj*^ mod(M) - -0* ]% mod(iV) + tp^ mod(iV) - <\>* mod(Q) 
= A mod(M) - j; mod(TV)) + 4>* (i£ mod(iV) - % mod(Q)) 
= ip+ mod(0) + <f>* mod(-0). 

□ 
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Note that if fi, v and A are volume forms on M, N and Q, respectively, then the 
previous proposition can be stated in terms of the corresponding modular vector 
fields as: 

X^x = dV> • X^ v + Xy^x ° <t>- 
Finally, we show that the modular class of a Poisson map can be seen as the 
characteristic class of a representation, in analogy with Proposition 1.8. 

Proposition 1.16. Let <f> : M —> N be a Poisson map. There is a natural repre- 
sentation of 4>*T*N on the line bundle := <g> 2 A top T*M ® 2 A top (j)*TN, and we 
have: 

modO) = - charfT^). 

Proof. We define a representation of cf)*T*N on the line bundle ® 2 A top T*M by 
setting: 

V> a (jU ® v) := [4>*a, ^ M ®v + n® £^ M<j> , a v. 

and another representation on ® 2 A top <f)*T*N by setting: 

V0. Q (0*/i ® 4>*v) := (j>*[a.,pt} VN ® (j>* v + (j>* fi ® cf>* £ n t a v. 

The tensor product of the first representation with the dual of the second represen- 
tation defines a representation of cf>*T*N on the line bundle 

:= ® 2 A top T*M ® 2 /\ top (f>*TN. 

The rest follows from the definitions taking into account Example 1.6. □ 

2. Poisson immersions and submanifolds 
In this section we study the modular class of a Poisson immersion. 

2.1. The relative modular class. Let (M, it) be a Poisson manifold and let 
C M be a Poisson submanifold. This means that the submanifold N car- 
ries a Poisson structure ttn and the inclusion <p '■ N > M is a Poisson map. 
Notice that <j)*T*M = T^M is just the restricted cotangent Lie algebroid of M 
along N . The relevant cohomology is then the restricted Poisson cohomology 
H* N (M) := H'(4>), introduced by Ginzburg and Lu in [17]. The corresponding 
complex can be described as follows: the cochains are the multivector fields along 
N, which we denote by X^(M) := T(A'T^M), while the differential is given by: 

A rt P= [P,ir]\ N , 

where P G X'(M) denotes any (local) extension of P £ X' N (M) to M( 2 ). 

Definition 2.1. The relative modular class of a Poisson submanifold <fi : N <^-t 
M is defined as minus the modular class of 4>, denoted 3 : 

mod N (M) := -mod(» £ H^ N {M). 

The reason for the minus sign will became clear from the discussion that follows. 
In particular, the relative modular class modjv(M) lies in the first restricted Poisson 
cohomology H\ N (M), which is the quotient of the Poisson vector fields along N 
modulo the hamiltonian vector fields on N. 



Ginzburg and Lu use the term relative cohomology instead of restricted cohomology. We 
believe that their term should be reserved for the cohomology H'(M, N) of the quotient complex 
X'(M,N) := X' N (M)/X m (N), associated with (the dual of) the anchor tt" : T^M ->■ TN (see [5]). 

3 Note that in this section the role of N and M is switched from the previous section. This will 
also be the case in the following sections whenever we deal with submanifolds. 
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Remark 2.2. A representative of this class can be obtained by choosing volume 
forms fx e fi top (M) and v G £l top (N). Then modAr(M) is represented by the vector 
field along N given by: 

X^.i, = — X v . 

This representative depends only on the values of /x along N and on v. Of course, 
its class is independent of these choices. 

The following elementary properties of the relative modular class follow directly 
from its definition: 

Proposition 2.3. Let (M,it) be a Poisson manifold and let N C M be a Poisson 
submanifold. Then: 

(i) //modAr(M) = 0, then the modular vector field of M relative to any volume 

form fj, € n top (M) is tangent to N. 
(ii) If t:n = 0, then X^n is independent of the volume form \i £ J7 top (M) and 

represents mod n (M) ■ 
(in) Ifmod N (M) = mod(M) = 0, then mod(iV) = 0. 

Example 2.4. For any open subset O >• M the relative modular class vanishes: 
modo(M) = 0. 

Example 2.5. A symplectic leaf can have a non-trivial relative modular class. On 
M = R 4 , with coordinates (x, y, z, w), consider the Poisson structure: 

d d d d 
7T = x— A — + — A — . 

ox ay oz aw 

The modular vector field relative to the volume form /i = da; A dy A dz A dw is given 
by: 

x 9 
X »-dy- 

On the other hand, the symplectic leaves of tt are: 

• The two open 4-dimensional leaves x > and x < 0; 

• The 1-parameter family of 2-dimensional leaves (x, y) = (0, c), where c£l. 

If S is a 2-dimensional symplectic leaf, then X^ is not tangent to S so we conclude 
that mods (ill) + 0. 

Example 2.6. Consider a topologically stable Poisson structure on a compact 
oriented surface M = E (see [26]). This is a Poisson structure which vanishes 
linearly along a set of smooth disjoint closed curves Z = [J i 7,; . The (trivial) 
Poisson submanifold Z C S has no non-trivial hamiltonian vector fields, so its 
relative modular class modz(E) is represented by a canonical Poisson vector field 
along Z. 

In order to determine this vector field, choose some volume form /1 on E. The 
corresponding modular vector field X^ is a Poisson vector field on E, so its flow 
maps symplectic leaves to symplectic leaves. This means that X^ must be tangent 
to Z and we find that the relative modular class of Z is given by 

mod z (E) = X„\ z . 

In other words, all modular vector fields X^ are tangent to Z and induce the same 
vector field modz(E) on Z. The periods of the vector field modz(E) along the 
curves 7* give global invariants which were used in [26] to classify the topologically 
stable Poisson structures on surfaces. 
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2.2. Linear holonomy and the relative modular class. In order to compute 
the relative modular class modjv(M) of a Poisson submanifold, we observe that the 
identification of the conormal bundle as v*(N) = (TN) Q C T^M gives a natural 
representation of the Lie algebroid A = T^M on the conormal bundle is*(N): 

V Q /3 := [a, ft, a £ T(T^M),(3£ T(v*(N)). 

We will denote the dual representation on the normal bundle v(N) by the same 
letter. The line bundle A top i/(7V) then becomes a representation of T^M, and we 
have: 

Theorem 2.7. The relative modular class of a Poisson submanifold <p : N ^ M 
is given by: 

modjv(M) = char(A toI V(A0). 

Proof. The short exact sequence 

— > u*(N) T^M — > T*N — ► 

yields the canonical line bundle isomorphism 

A top z/*(iV) ® A top T*N = A top T^M. 

Under this isomorphism, one can identify the representation given in Propo- 
sition 1.16 with ® 2 A top v(N) defined above. So, mod0 = \ char(<g> 2 A top v(N)) = 
char(A toI V(iV)). □ 

The representation of T^M on the normal bundle v(N) is well-known: it is 
called the linear holonomy representation of N and it plays an important role 
in several problems in global Poisson geometry (see, e.g., [16]) In particular, given a 
cotangent path a : I = [0, 1] — > T^M joining x to y in N, parallel transport relative 
to V along a defines the linear Poisson holonomy map h^{a) : v(N) x — > v{N) y 
(this is a slight generalization to Poisson submanifolds of the usual definition for 
symplectic leaves, given in [11, 16]). Then: 

Corollary 2.8. Let <f> : N <—i M be a Poisson submanifold. The class modi\r(M) is 
the obstruction to the existence of a transverse volume form to N invariant under 
linear holonomy. 

This corollary is closely related to a result of Ginzburg and Golubev for sym- 
plectic leaves (see [16, Theorem 3.5]) which admits a generalization to any Poisson 
submanifold, as we now explain. 

Given a cotangent path a : I — s- T*M on a Poisson manifold (M, it), covering a 
path 7 : 1 — > M, and a Poisson vector field X £ X(M) one defines the integral: 

f X := [ (X\ l{t) ,a(t)) dt. 

J a JO 

This integral was introduced in [16] and further studied in [6], where the following 
properties are proved: 

(a) If X = Xh is a hamiltonian vector field, then J a Xf t — h(j(l)) — h("f(0)) only 
depends on the end points. 

(b) If ao and a\ arc cotangent homotopic, then J an X = J X; 

In particular, for a cotangent loop a, the integral J a X only depends on the Poisson 
cohomology class [X] e H% (M) and on the cotangent homotopy class [a] . 

If cj) : N M is a Poisson submanifold, notice that the integral J X still makes 
sense for a vector field X G Xat(M) along N, provided a : I —> T^M is a cotangent 
path with base path lying in the submanifold N. Also, for a cotangent loop a, it 
depends only on the restricted Poisson cohomology class [X] £ W (M). 
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Theorem 2.9. For any cotangent loop a : I — > T^AI on a Poisson submanifold 
4> : N M one has: 



(7) dct h N (a) = cxp I J modjv(M) 

Proof. Note that when N is a symplectic leaf S of M, formula (7) reduces to: 

(8) det%(a) = exp (J mod(M) 

which is the result of Ginzburg and Golubev ([16, Theorem 3.5]). We claim that 
the theorem can be reduced to this case. 

Let a : I — > T^M be a cotangent loop covering a loop 7 : I — > N with base point 
x. Let S be the symplectic leaf containing 7. Then we have S C N C M and we 
can look at the following linear holonomies: 

• The linear holonomy of the loop a : I —> T*M relative to the symplectic 
leaf S of M, i.e., hf(a) : (T X M/T X S) -> (T X M/T X S); 

• The linear holonomy of the loop <fi*a : I — > T*N relative to the symplectic 
leaf S of N, i.e., h% (<j>*a) : (T X N/T X S) (T X N/T X S) 

• The linear holonomy of the loop a : / — > T^M relative to the submanifold 
N of M, i.e., h N (a) = fcjjf (o) : (T X M/T X N) -> (T X M/T X N). 

It is clear from the definitions that: 

dct ^ (a) = det(/i£ (0*a)) ■ det(ft$"(a)). 

Hence, it follows from the case of symplectic leaves (8), that for any volume forms 
fx e Q top (M) and v 6 Vt top {N) we have: 

det(/ijv(a)) = dei{h^{a)) 
dct /if (a) 



det(/i^(</)*a)) 

cxp ( / mod(M) - / mod(TV) 

\J a J<fi*a 

cxp (^J (X M |^ 07 ( t) ,o(t)) - (X„| 7(t) ,0*a(*)> di 
cxp ((J^o^-d^-X^L^a^)) df) 
cxp ^— y mod((/>)^ = exp modjvf(M) 



as claimed. □ 

Remark 2.10. There is a more general formula which is valid for any cotangent path 
(not just cotangent loops), as in the case of symplectic leaves (see [16, Proposition 
3.7]). One fixes volume forms fi G Sl top (M) and v £ £l top (N) so there is an induced 
volume on any normal space v(N) x . Then, for any cotangent path a : / — > T^AI 
joining x S N to y G N one can show that: 



(9) deth N (a) = exp - / X 



where the determinant of the linear holonomy hpf(a) : v(N) x — > v(N) y is relative 
to the induced volumes on v(N) x and v(N) y . 
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2.3. Special Poisson submanifolds. For any Poisson submanifold <f> : N M 
we have the short exact sequence of Lie algebroids: 

(10) v* (N) T* N M T*N 0. 

This sequence gives rise to a long exact sequence in cohomology, which includes the 
terms: 

. . . Hl(N) H^ JM) Hi(v*(N)) Hl{N) . . . 

The inclusion v*(N) -> T^M pulls back the representation A top u(M) of T^M, 
which by Proposition 2.7 computes the relative modular class, to the canonical 
representation of the bundle of Lie algebras v*(N) on A tOF V(M) computing the 
modular class of i/*(N). In other words, in this long exact sequence the relative 
modular class modAr(M) G Hjf w (M) is mapped to mod(v*(N)) e i/ 1 (^*(iV)). 

Now notice that modiv(M) is mapped to zero if and only if mod(M) is tangent 
to N, i.e., if mod(M) admits a representative which is tangent to N (and then it 
follows that all representatives will be tangent to M). This gives immediately that: 

Corollary 2.11. Let N be a Poisson submanifold of M . Then mod(M) is tangent 
to N if and only if mod(v* (N)) = 0. 

Let us recall that one calls N a Lie-Poisson submanifold if the sequence (10) 
splits in the category of Lie algebroids, i.e., if there exists a Lie algebroid moronism 
p : T*N -> T^M such that <j>* op = id (see [31]). Such submanifolds behave better 
than general submanifolds in what concerns integrability ([6, 31]). They arise, for 
example, as fixed point sets of Poisson actions ([12,31]). A splitting of the sequence 

(10) gives as an isomorphism in cohomology: 

(11) I^(Af)^(A0©#V(A0)- 

We already observed that the second component of modAr(Af) in this decomposition 
is mod(^*(iV)). The first component is also simple to describe. In fact, a splitting 
p : T*N — > T^M of the sequence (10), pulls back the representation A tOF V(M) of 
TjyM to a representation of T*N. Hence, A tof V(M) also becomes a representation 
of T*N with characteristic class 

char T . JV (A top ^(7V)) £ H*(N), 

and we conclude that: 

Proposition 2.12. Let N be a Lie-Poisson submanifold of M. Then under the 
isomorphism (11) we have: 

modjv(M) = (char T , N (A top j/(7V)),mod(^*(iV))). 

A special kind of Lie-Poisson arises when one considers the fixed point set of a 
Poisson involution: $ : M — >• M, $ o $ = /. In this case, the fixed point set 

N = {x E M : $(x) = x} 

has a natural induced Poisson structure but may fail to be a Poisson submanifold 
(see [12, 31]). The following corollary concerns the case where the fixed point set 
is also a Poisson submanifold: 

Corollary 2.13. Let N be a Poisson submanifold of M which is the fixed point set 
of a Poisson involution $ : N — > N . Then mod(M) is tangent to N . 
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Proof. We only need to observe that mod(^*(7V)) = 0. In fact, we will show that 
v*(N) is a bundle of abelian Lie algebras so the result follows. 

To prove that u*(N) is abelian note that the Poisson involution $ induces an 
involutive Lie algebroid automorphism of T^M, for which is*(N) = (TN)° coin- 
cides with the (— l)-eigenspace. Therefore, if a and /3 are local sections of v*(N) 
then their Lie bracket [a,/3] must lie both in the (+l)-cigenspacc and in the (— 1)- 
cigenspace, hence it must vanish. □ 

Example 2.14. Consider the Poisson structure on M = R 4 given in Example 2.5. 

On the one hand, the Poisson submanifold N = {x = 0} is the fixed point set 
of the Poisson involution defined by (x,y,z,w) i-> (— x, y, z, w). Hence, N is a 
Lie-Poisson submanifold. 

On the other hand, note that M is foliated by the 2-dimcnsional symplectic 
leaves S = {x — 0, y = c}. As we saw in Example 2.5, mod(A/) is not tangent to 
S, so the corollary shows that such a symplectic leaf can not be the fixed point set 
of a Poisson involution. 

3. Poisson submersions and reduction 

We now look at Poisson submersions <j> ; M — > N. We will assume that is also 
surjective. This assumption is not too restrictive since the image of a submersive 
Poisson map is the union of open subsets of symplectic leaves. 

3.1. Poisson submersions. Let (f> : M — > N be a surjective Poisson submersion. 
We will denote by T$ the foliation of M by fibers of cj>. The bundle cf>*T*N is 
naturally isomorphic to the conormal bundle v*{!F ( f 1 ) 1 which therefore has a natural 
Lie algebroid structure. The space of 1-forms for this algebroid is the space of 
sections of the normal bundle: = r(^(J r <^)). 

Lemma 3.1. A section [X] = r(i/(J-0)) is closed if and only if the vector field X 
representing it satisfies: 

(12) X({f o 0, g o 0}) = {X(f o 0), g o 0} + {/ o 0, X(g o 0)}, 

for every f,g£ C°°(N). Such a section is exact if and only if it is represented by 
a hamiltonian vector field X . 

Proof. Remark first that sections of ^*(J-"^) are generated by the 1-forms of the 
form <f>*df, where / S C°°(N). Given a function h 6 C°°(M), we compute its Lie 
algebroid differential relative to v*(J-^,) as: 

{&h,4>*&f)= P(cp*&f)(h) 

= {/°<M} 

= -X h (fo^) = (X_ h ^*df). 

So we conclude that dh = [X-h], 

On the other hand, given a 1-form [X] 6 X 1 (^) = r(i/(J r 0)), we compute its 
differential as follows: 

d[X](0* d/, rdg) - P (0*d/)(X(0*d 5 )) - d 5 )(X(0*d/)) - X{cj>*df, <f>*dg) 

= {/ o 0, X(g o 0)} - {g o 0, X(f o </,)} - X({f o^go 0}) 

so the lemma follows. □ 

Since functions of the form f o 4> are usually called basic functions, we shall say 
that a vector field that satisfies condition (12) is Poisson along basic functions. 
Noting that a vector field on M is 0-projectable on N if and only if it takes basic 
functions to basic functions, we see that a projectable vector field is Poisson along 
basic functions if and only its projection is a Poisson vector field on N . 
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Corollary 3.2. For a surjective Poisson submersion <j> : M — » N, the vanishing of 
the modular class of <j> is equivalent to the existence of volume forms fj, on M and v 
on N such that the projection of the modular vector field is the modular vector 
field X v . 

This corollary follows immediately from the definition of the modular class. One 
can also describe this in a more formal fashion, which will be useful later, as follows. 
Denote by Xp I0 ^(M) C X (M) the space of projectable multivector fields 
along (j> : M —} N. If Vert := TT§ = kerd0 denotes the vertical subbundle, a 
vector field X £ X k (M) is projectable if and only if 

£ Y X = 0, VYer(Vert). 

More generally, a multivector field A € X k (M) is projectable if and only if 

d(j) ■ (£ Y A) = 0, We r(Vcrt). 

Lemma 3.3. For a surjective Poisson submersion <f> : M N the projectable 
multivector fields 3£* ro j(M) is a subcomplex of (X(M), d ff ). 

Proof. Since 7r := -km is itself projectable, for any A S X* -(M) and Y <E r(Vert), 
we compute: 

dcj>-(£ Y (d„A))=d<t>-(£ Y [w > A}) 

= d^-([£ Y 7T,A\ + [TT, £ Y A]) 

= [d(f> ■ (£ Y Tr),d4> ■ A] + [d<f> ■ 7T, d<j> ■ {£ Y A)\ = 0, 
This proves that d 7r (3£* roj (M)) C £* roj (M). □ 

The cohomology of the complex (X'^(M), d ff ) is denoted by H' m ^(M) and 
we refer to it as the projectable Poisson cohomology. Now we have a short 
exact sequence of complexes: 

(13) — ► X; roj (M) — + X' (M) © X' (N) — ► X' {</>) — > 

where the first map is given by X i— > {X, <f>*(X)) and the the second map is given 
by (X, Y) i— > d(j> ■ X — Y o cf). At the level of cohomology we obtain a long exact 
sequence: 

(14) > — > fli(M) © ffi(iV) — > ff 1 ^) — > — ► ■ • • 

The map in this sequence takes (mod(M), mod(iV)) to mod(0), and this is already 
true at the level of representatives. Hence, whenever mod(</>) = 0, we can choose 
volume forms fi on M and v on N such the vector field X^ v representing mod((/>) 
vanishes, and this means that X^ projects to X v . 

Example 3.4. As a very simple example, consider the linear Poisson bracket on 
AI = M 2 which is dual to the non-abelian two-dimensional Lie algebra: 

{x,y} = x. 

The modular vector field relative to the volume form ji = dx A dy is X^ = ^ , and 
so mod(M) ^ 0. 

Now consider the two projections ^ : I 2 -> 1 on the first and the second factor. 
These are both Poisson submersions, but their modular classes are quite different. 
For the first projection, the modular vector field projects onto the zero vector field 
on JV = 1, and we have mod(0i) = 0. However, for the second projection the 
modular vector field projects onto a non-zero vector field, and indeed mod (^2) 7^ 
(note that mod(iV) = mod(M) = but H^(N) ~ C°°(E)). 
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The characterization of the modular class of a map as a characteristic class, also 
becomes simple in the case of a Poisson submersion: the bundle Vert carries a 
natural representation of the Lie algebroid iy*(T^) = (j>*T*N, defined by: 

Vp a X := £$?X, (a e n\N),X 6 r(Vert)). 

Here £ T M denotes the Lie derivative on the Lie algebroid T*M . In this way, 
A top Vert, as well as A top Vert*, become one-dimensional representations of <fi*T*N 
and we have: 

Proposition 3.5. The modular class of a surjective Poisson submersion <p : M — > 
N is given by 

mod0 = char(A top Vert*). 
Proof. The short exact sequence 

— > Vert ^ TM — > <j)*TN — > 
yields the canonical line bundle isomorphism 

A top T*M ® A top (/)*TN = A top Vert* . 

With this isomorphism we can easily identify the representation given in Propo- 
sition 1.16 with ® 2 A top Vert* defined above. So, mod(0) = \ char(® 2 A top Vert*) = 
char(A top Vert*). □ 

3.2. Reduction: modular class of Poisson quotients. Let (M, ttm) be a Pois- 
son manifold, let (G, ttq) be a Poisson-Lie group and let GxM-4 M be a Poisson 
action. For simplicity, we will always assume that G is connected and we will say 
that (M, 7r) is a Poisson G-space. For a G-space the set of G-invariant functions, de- 
noted C co (M) G , is a Poisson subalgebra of C°°{M). Hence, if the action is proper 
and free, there is a quotient Poisson structure on M/G such that the projection 
<t> : M — > M/G is a surjective, Poisson submersion. In this situation, it is natural 
to ask what is the relationship between mod(M/G), mod(Af) and the group G. 
The following fact will be crucial to understand this relationship: 

Theorem 3.6. Let G be a Poisson-Lie group, let G x M M be a proper and 
free Poisson action and let <f> : M — > M/G be the quotient map. The modular class 
of <p vanishes: 

mod(0) = 0. 

Proof. We start by choosing a G-invariant fiberwise volume form /iq £ f2 top (.F0), 
a volume form v £ fi top (M/G), and . . . , £ d } any basis of g, set: 

( } " </*e,&A..-A&>' 

where £m denotes the infinitesimal generator associated with g. We claim that 
the modular vector field relative to [i and v vanishes: X^ v = 0. 

Using the representation A top Vert* given by Proposition 3.5, we find that the 
modular vector field X^^ satisfies for any / <E C°°(M/G): 
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On the other hand, we compute: 

*i<w|<Mo,ei,A...Aej f )|(/ ° 4>) = ~Xfo4> (log \{na, ? m a ■ • • A Cat) I) 

1 



</*g,&a-..a&) 
1 



In other words, 

{£x fo ^G,t,\i A • • • A £m) = -^logKMG^A-.A^)^/ ° $(PG>& A • ■ • A £m>- 
This shows that: 

(17) ^G^A.-A^) " -^'<"-^-^>' (/ ° 0) Oi Gj ^A...A^> 
and also: 

«MC,^A...A^ ^ " = ((MGj Clr A • • • A Cm)) 2 " 

Equations (16), (17) and (18) together show that: 

(X ftl ,,d(/o^ = ^, 1/ (/o^ = 

Since the forms d(/ o ^>) generate r(^*(J r 0)), we conclude that X^ M = and the 
theorem follows. □ 

The theorem says that one can always choose volume forms fi £ f2 top (M) and 
v G O top (M / G) such that X M projects to X v . Note that if X^ = Xh is hamiltonian 
this does not imply that X v is hamiltonian, since one may not be able to choose 
the hamiltonian ft to be a G-invariant function. In other words, one can have 
mod(M) = while mod(M/G) ^ as illustrated by the following simple example. 

Example 3.7. For any Lie group G, its cotangent bundle T*G is a symplectic 
manifold. The action of G on itself by left translations lifts to a proper and free 
action of G on T*G by Poisson diffeomorphisms. The quotient is: 

<P : T*G -> T*G/G ~ g* , 

where g* is equipped with its canonical linear Poisson structure. Since T*G is 
symplectic, one always has mod(T*G) = 0. On the other hand, mod(g*) = if and 
only if the Lie algebra g is unimodular. 

The precise relationship between mod(M) and mod(M/G) becomes clear if we 
use the short exact sequence (14). Since the map </> : M — > M/G has vanishing 
modular class, this sequence shows that there exists a class in the projectable 
cohomology -ffp ro j ff which maps to the pair (mod(M), mod(M/G)). In general, the 
map iTp ro j )7r — > H^{M) © H*(N) is not injective, but the following corollary of 
Theorem 3.6 shows that there is a canonical choice of such a cohomology class: 

Corollary 3.8. Let G be a Poisson-Lie group, let G x M — > M be a proper and 
free Poisson action and let (f> : M — > M/G be the quotient map. If [1q £ ^l tav (F^) 
is a G-invariant fiberwise volume form, v £ f2 top (M/G) and {C 1 , . . . , £ d } a basis of 
g, set 

_ fig A (j)*V 

/J ~ (»G,e M a---a&)' 

Then [X^] € Hi- n (M) is mapped to the pair (mod(M), mod(M/G)). 
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Note that the class [X^] £ H^ m - h7T {M) does not depend on the choices of G- 
invariant fiberwise volume form, v £ f2 top (M/G) and basis j^ 1 , . . . , Hence we 
can introduce: 

Definition 3.9. The modular class of the Poisson action G x M — y M is the 

projectable Poisson cohomology class 

mod(Af,G) := [X„] £ H^(M). 

Since mod(M, G) is mapped to mod(M) and to mod(M/G), we have: 

(i) if mod(M, G) = then mod(M/G) = 0. 

(ii) we can have mod(M) = 0, while mod(M, G) ^ (see Example 3.7). 

When g is an unimodular Lie algebra the function (/xgj^m A- • -A£ M ) is constant, 
so the projectable modular class is represented by the modular vector field X^, 
for any G-invariant volume form fi. However, even when mod(Af) = and g is 
unimodular one can still have mod(Af , G) ^ since there may not exist a G- 
invariant volume form which is also invariant under all Hamiltonian flows. In other 
words, X^ is hamiltonian but one may not be able to choose the hamiltonian to be 
G-invariant as illustrated by the following example. 

Example 3.10. On M = R 3 , with coordinates (x,y,z), consider the action of 
G = R by translations in the z-direction. This action preserves the Poisson tensor: 

d d d d 
ttm = x— A — — h — — A — . 

ox ay ay oz 

This Poisson structure is unimodular with invariant volume form e z dx A dy A dz. 

The quotient M /G can be identified with R 2 , with coordinates (a, 6), and Poisson 
structure 

d d 
km = a— A — . 
oa do 

This Poisson structure is not unimodular (see Example 1.4), hence we must have 
mod(M, G)^0. 

We can compute mod(M, G) directly from its definition: we take fic = Clz £ 
n top (J^), v = da A db e n to P(M/G) and Cm = ^- Then, 

A <p*v 

/i = — r- = dx A dy A dz 

(Mg,£m) 

which is the canonical volume form in M 3 , so we obtain: 

mod(M,G) = [X^] = [-|-]. 

The vector field X^ — — projects to the modular vector field X v = — ^ , so that 
the class mod(M, G) maps to the class mod(M/G). On the other hand, X^ is a 
hamiltonian vector field (e.g., one can choose as hamiltonian h(x,y,z) = z) and 
so mod(M, G) maps to mod(M) = 0. But, because we cannot choose ft to be a 
G-invariant function, we have mod(M, G) ^ 0. 

We shall see later (Corollary 3.15) that for a proper and free hamiltonian action 
one has that mod(M) = and g unimodular imply mod(M/G) = (but still one 
can have mod(M, G) ^ 0!). On the other hand, we show now that when the group G 
is compact and acts by Poisson diffeomorphisms then mod(M, G) vanishes. In order 
to explain this, note that the G-invariant multivector fields form a subspace 
X k (M;G) C Xp ro j(M) of the space of projectable multivector fields. In fact, we 
have that (since G is connected) that A £ X k (M) is G-invariant if and only if 

£t M A = 0, (££q), 
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and this implies that A is projectable. Moreover, this also shows that X'(M; G) is 
a subcomplex of (X'(M), d ff ), so we have the inclusion of complexes: 

X'(M;G) C X k pmj (M) C X'(M). 

Observe that, in degree zero, we have X°(M;G) = X° Toi (M) = C°°(AI) G , so the 
natural map 

H'(M;G)^H; io ^(M) 

is injective in degree 1. 

Remark 3.11. In general, the projectable modular class mod(A/, G) cannot be rep- 
resented by a G- invariant Poisson vector field, i.e., it does not lie in the subspace 
H*(M; G) C -ffp ro j In fact, one can show that if xo € g and t?o £ 0* denote, 

respectively, the adjoint characters of g* and g (sec Example 1.3), then 

(19) £ iM X, = 1 ((ad B ( X o) • Om + (ad;,(tf ) • 0u) , (£ £ fl). 

Using an averaging argument, Ginzburg in ([14, Corollary 4.13]) proves that 
the morphism H^(M;G) — > H*(M) is injective when the action is by Poisson 
diffcomorphisms and G is compact . He also conjectured that this should be true 
for any Poisson action of a compact Lie group, but this is still an open conjecture. 
Ginzburg's result combined with the previous remark gives: 

Corollary 3.12. Let G X M — > M be a proper and free action of a compact Lie 
group by Poisson diffeomorphisms. If mod(M) = ; then mod(M , G) = and 
hence mod(M/G) = 0. 

Proof. Since the action is by Poisson diffcomorphisms, by Remark 3.11, the mod- 
ular vector field representing mod (M, G) is G-invariant. Therefore, the mod- 
ular class of the action lies in the G-invariant Poisson cohomology: mod(M, G) £ 
Hl(M;G). Since H%(M;G) -> H*(M) is injective, if mod(M) = then we must 
have that mod(M, G) = and the corollary follows. □ 

As a curious application of these results, we close this section with an example of 
a Poisson manifold which cannot be written as a quotient of a symplectic manifold 
by an action of a compact Lie group. 

Example 3.13. On M = M 3 — {0}, with coordinates (x,y, z) consider the Poisson 
manifold: 

, 9 9 9 . i d d 
+y +z) ' 2 dx A d-y 

This Poisson structure is the quotient of C 2 — {0}, with the standard symplec- 
tic structure, by a free S 1 -action by symplectomorphisms (see [12, Example 4.8]). 
Hence, mod(M, n) = 0. On the other hand, if we consider on M = M 3 — {0} the 
Poisson structure: 

we claim that mod(M, ff) ^ 0. To see this, we let \i = dx A dy A dz and compute 
the associated modular vector field: 

X 1 ; (y 9 x 9 



Since 7f vanishes on the sphere of radius 1 while X^ does not vanish there, we 
conclude that X^ is not a hamiltonian vector field and our claim follows. Since 
mod(M, 7f) 7^ 0, by the corollary, this Poisson manifold is not the quotient of a 
symplectic manifold by an action of a compact Lie group. 
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3.3. Reduction: modular class of hamiltonian quotients. We will consider 
now a Poisson action of G x M — > M which is hamiltonian in the sense of Lu 
[23, 24]. This means that there exists a smooth map re : M — > G* with values in 
the dual, 1-connected, Poisson-Lie group, equivariant relative to the left dressing 
action of G on G* , such that the following moment map condition holds: 

(20) £ M =^( K *£ L ) 

(here £ L £ fi 1 (G* ) denotes the left-invariant 1-form whose value at the identity is 
£ e T e *G* = g). 

The cquivariance condition on the moment map implies that re : M G* is a 
Poisson map, when we equip G* with its Poisson-Lie structure. Our first result is 
the following. 

Proposition 3.14. For a proper hamiltonian action GxM-)M of a Poisson-Lie 
group G, the modular class of the moment map k : M — > G* is given by 

mod(K) = — [3q o re] , 

where i?o is the adjoint character of Q. 

Proof. Since the action is proper, we can choose a G-invariant volume form /i G 
f2 top (M), and we compute: 

(21) (e L ,d K .X M ) M = £ CA ^ + ( K *de i ,7r) / i = «*(de i ,7r G ,) M , (fe fl ). 

By a result of Evens, Lu and Weinstein (see [8]), if a L € fi 1 (G) is the left invariant 
form associated with a£g*,we have: 

(22) (da L ,7r G ) = (a L ,x5-X„ L ), 

where v L is a left-invariant volume form in G. Dualizing to G* , we conclude that: 

(23) dn-X^ = (-X v l +0£)„K. 

Using formula (3) for the modular class of a Poisson-Lie group, it follows that: 

[dre • X^ - X v l o k] = [{-2X v l +^)ok] = -[0* o re] 
and consequently mod(«;) = — [i?^ ok]. □ 

Corollary 3.15. Let G x M —> M be a proper and free hamiltonian action of a 
Poisson-Lie group G with moment map k : M — > G* . If g is unimodular then: 

(i) the moment map has vanishing modular class: modft = 0. 
(ii) ifmod(M) = 0, then mod(M/G) = 0. 

Proof. Part (i) follows immediately from the proposition. To prove part (ii) we 
start by observing that since q is unimodular, if [i is a G-invariant form, equation 
(3) shows that: 

la 1 

dK ■ Xf, = -X v l = - -7r^, (xo) = - ' ( X °) M 

By (19), the vector field X^ + h(xo)M is G-invariant. On the other hand, the 1-form 
(Xo) L S ri x (G*) is exact (see Example 1.3), so {xo)m is a hamiltonian vector field. 
Therefore, the vector field X^ + \ (xo)m has the following properties: 

(a) it is G-invariant and lies in the kernel of the moment map; 

(b) it is a Poisson vector field (it is a sum of Poisson vector fields); 

(c) it represents a class in H^ TO - n (M) which projects to mod(M/G) (since X^ 
projects to a representative of this modular class and (xo)m projects to zero). 

When mod(M) = we conclude that X^ + \{xq)m is a hamiltonian vector field, 
which by (a) has a G-invariant hamiltonian. This shows that mod(A//G) = 0. □ 
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Remark 3.16. Notice that in case (ii) it may still happen that mod(M, G) / 0. 
The proof only shows that the combination + h(xo)M admits a G- invariant 
hamiltonian and this may not be the case for X^. 

Let G X M — > M be a hamiltonian action for which the identity e £ G* is a 
regular value and the action of G on n~ 1 (e) is proper and free. The Dirac structure 
associated to it pulls back to a Dirac structure on the level set K _1 (e), which 
factors through the quotient map n~ 1 (e) — > K _1 (e)/G, yielding a Dirac structure 
which is associated with a Poisson structure 7r re d- We shall refer to 

M//G := K - 1 (e)/G 

with its natural reduced Poisson structure 7r ro d as the hamiltonian quotient of 
M by G relative to the moment map n : M — > G*. When the action of G on the 
whole manifold M is proper and free, we obtain a commutative diagram: 



M 




M//G 

where the inclusions are backward Dirac maps and the projections are forward 
Dirac maps (see [1] for details on Dirac structures and Dirac maps). 

We will now study the relationship between the modular class of M, the modular 
class of M/G and the modular class of Mj /G. The key result is the following: 

Theorem 3.17. Let G x M — > M be a proper and free hamiltonian action of a 
Poisson-Lie group G with moment map k : M —> G* and let <f> : M — » M/G be 
the quotient map. For any G-invariant fiberwise volume form \xq £ p (^,)» any 
volume form r £ Q top (M/ /G), and {£* , . . . , £ d } any basis of q, set: 

_ = MG A 0*t A A ■ ■ ■ A k*$ 
{ ' ( MG ,^A---A^) 

The modular vector field X^ £ X(M) is protectable and tangent to K" 1 (e). More- 
over, Xjx\ K _i,* and X T £ X(M//G) are (f>-related: 

Remark 3.18. Some explanations about the statement of this theorem are in or- 
der. First, we do not distinguish between a volume form r € il top (M//G) and an 
extension to a form defined in M/G whose pullback by M / /G ^ M/G is r. This 
is fine since we are only interested in the relative modular class of M//G in M/G 
(see Remark 2.2). Second, in general, the form A • • • A k*£j is not basic, so 
the volume form (24) is quite different from the volume form (15), and Xp does 
not represent mod(M, G). 

Remark 3.19. Theorem 3.17 can also be explained in terms of vanishing of the 
modular class of a map, just like the case of Poisson quotients in the previous 
section: the quotient map n'^ 1 (e) — > n~ 1 (e)/G — M//G is a forward Dirac map 
and has vanishing modular class. A long exact sequence of the sort (14) then yields 
Theorem 3.17. However, since this would require a discussion of modular classes 
of Dirac manifolds, we will not pursue this issue here and refer the reader for an 
upcoming publication. 
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Proof of Theorem 3.17. Set v L := £f A • • • A First observe that 

^CmM = A <j)*T A £(: 



Hg A 4>*t a 



</iG,& A---A&) 



= ((X^ oK,^) - K* (d£ L ,7T G .) - 0„(O) P" 

Hence, for x £ K _1 (e), we have d^K • X^ = X v l (e) — i9o = and we conclude that 
Xfi is tangent to K~ 1 {e). 

To see that -Xp| K -i( e ) is 0-related to X T , we notice that, for / 6 G°°(M/G), 

■ £ 7 rtt(0*d/)0* r = X r(f)(t>*T, 
■£-K«(4>»df) K * l ' L = 0, 

(■ £ 7 r «(0*d/)A i G) Afr A KV L | K -i( e) = -Xi„|( A1Gi? i /A ---AC5; j )|(/° < ? !, )MU- 1 (e)- 
Now, it follows simply from the definition of X^ that 

X p.(f °0)| K - 1 (e) = ^r(/)| K -i(e), 

and since we already know that JTp is tangent to K _1 (e) the result follows. □ 

Proposition 3.20. The relative modular class of M//G M/G is trivial if and 
only if q is unimodular. 

Proof. Let fi be the volume form defined by (24) and fi = -, — ^^t—tttt, for some 
volume form f £ ft top (Af/G). Consider the function i/ T , f e G°°(M) such that 
/i = i/ r ,rA f - Since X M and X f are 0-related (see Theorem 3.6), as well as x p\ K -ir e ) 
and Xf \ K -it e \/Q (see Theorem 3.17), the relative modular vector field associated 
to the volume forms r and f is given by 

X r.f = X f\ K -i {e)/G -X T = d0-X M | K _ 1(e) - d0-Xp| K _ 1(e) = d(/)- X lnlHT fl \ K _ 1(e) . 

Also, since X^ is tangent to K _1 (e), we have that 

(25) dn ■ X ln \ HT , ? || K _ 1(e) = -d« • X M | K -i (e) = O . 

Now, if the relative modular class is trivial, then we can choose r and f such 
that X T = Xt\m//G> i- e -i such that -Xi n |.ff T . F |U- I (e) is vertical and consequently 
x in\H T f \ is tangent to K _1 (e). It follows from (25) that g must be unimodular. 

Conversely, if g is unimodular then X\ n \h t f \ is tangent to k" 1 (e) and we conclude 
from (25) that: 

£ iM In \H T , f \ = - (C L , dK ■ X lnlHTM ) = 0, 
i.e., the function (In \H Tt ? |) | re -i( e ) is G-invariant. This implies that the relative 
modular vector field X T ^ f is hamiltonian and consequently the relative modular 
class is trivial. □ 

Just as the projectable Poisson cohomology, which contained the G-invariant 
Poisson cohomology, played a crucial role in the question of relating mod(M) and 
mod (M/G), we will see that there is a certain cohomology, containing the G- 
equivariant Poisson cohomology, introduced by Ginzburg in [14], which plays an 
analogous role in the problem of relating mod(M) and mod(M/ /G). 

We start by recalling the definition of the G-equivariant Poisson cohomology. 
Let G x M — > M be a hamiltonian action with moment map K : M — > G* . The 
moment map gives a Lie algebra homomorphism k : — > Q, l (M) by setting: 
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This is called by Ginzburg the pre-momentum map. It gives rise to a g-module 
structure on X*{M) by setting: 

i-P = £ m P {{eg), 

where we use the Lie derivative operator of the Lie algebroid T*M. Then the 
Poisson differential d^ : X'(M) — > X' +1 (M) and the degree —I operator: 

i € : X'(M) X-\M), i^P := i m P (£ £ fl), 

turns X'(M) into a g-diffcrential complex. Since one has a g-diffcrcntial complex, 
one can proceed as usual to define the equivariant cohomology via either the Cartan 
model or the Weil model: The equivariant Poisson cohomology of a hamilton- 
ian G- manifold (M, n) is the cohomology of the complex (Xq(M), d^c) and will 
be denoted by H n>G (M). 

This construction of the equivariant Poisson cohomology is valid for any hamil- 
tonian action. For proper and free actions we have the following interpretation, 
also due to Ginzburg: 

Theorem 3.21 (Ginzburg [14]). If G x M — > M is a proper and free hamilton- 
ian action of a Poisson-Lie group G with moment map k : M —> G* , then the 
equivariant Poisson cohomology coincides with the cohomology of the subcomplex 
X'(k) G C X'(M) formed by the G-invariant multivector fields tangent to the k- 
fibers. 

We will need to consider an intermediate complex X'(k) g C X'(k) C X*{M) 
which is the complex formed by all multivector fields which are tangent to the 
single fiber K _1 (e) and whose restriction to this submanifold is projectable. The 
corresponding cohomology will be denoted H* pro j (k) . The inclusion of complexes 
induces a map in cohomology: 

which is injective in degree one. Moreover, we have a diagram 
(26) H^M) 




H'AM//G) 

where the upper arrow is the forgetful morphism and the lower arrow is obtained 
by first restricting to n~ 1 (e) and then projecting to Mj /G. 

Let us observe now that two volume forms of the type (24) differ by a G-invariant 
function. Hence, for any such form p, the Poisson vector filed defines a coho- 
mology class in H\ pro j(ft) and we set: 

Definition 3.22. Let G x M — >• M be a proper and free hamiltonian action of 
a Poisson-Lie group G with moment map map re : M — > G*. The equivariant 
modular class of the hamiltonian action is the class: 

mod G (M) = [^] ei^ iProj (re), 

where /2 S fl top (M) is any volume form of type (24) in a neighborhood of re _1 (e). 

The fundamental result about the equivariant modular class, which motivates 
also its definition, is the following: 



THE MODULAR CLASS OF A POISSON MAP 



2o 



Theorem 3.23. Let G x M — > M be a proper and free hamiltonian action of a 
Poisson-Lie group G. In the diagram (26) the equivariant modular class mod<3(M) 
is mapped to the modular classes mod(M) and mod(M//G). In particular, if 
mod G (M) = then mod(M//G) = 0. 

The proof should be clear using Theorem 3.17. For a free and proper action of a 
compact Lie group G acting by Poisson diffcomorphisms, a result of Ginzburg (see 
[14]) states that the forgetful morphism H\ G (M) — > H^(M) is injective. Since in 
this case the equivariant modular class lies in H\ G (M) we deduce that: 

Corollary 3.24. LetGxM — > M be a free and proper hamiltonian action of a com- 
pact Lie group by Poisson diffeomorphisms. Ifmod(M) = then mod(M/ /G) = 0. 

4. Modular characters 

It is well-known that Poisson manifolds are infinitesimal objects whose global 
counterparts are symplectic groupoids. Also, the modular class of a Poisson mani- 
fold has a symplectic groupoid analogue: the modular character. We will see now 
that virtually all results about the modular class of a Poisson map that we have 
discussed in the preceding sections have a groupoid version. 

4.1. The modular character of a Lie groupoid. In this section, we start by 
recalling a few facts about modular characters. 

Let Q be a Lie groupoid over M and let s, t : Q — > M be its source and target 
maps. We will assume, for simplicity, that Q is source connected (i.e., that the 
fibers of s, and hence t, are connected). Let e : E — > M be a (left) representation 
of G, i.e., a vector bundle together with a smooth, fibcrwise linear action of Q on E 
with e as the moment map. We shall only be interested in the case of 1-dimensional 
representations, i.e., line bundles L — > M. 

Assume first that L — > M is an oriented line bundle with a global non- vanishing 
section fx: M — > L. Then, there exists a smooth function : Q —> R x , with values 
in the multiplicative group of real numbers, such that for each g € Q we have 

9 -M s (s)) = c p(fMt(5))- 

One checks easily that: 

Proposition 4.1. The 1-cochain log(c^) : Q — > R is closed in the differential 
cohomology of Q with trivial coefficients. Its cohomology class does not depend on 
the section fi chosen. 

The cohomology class defined by the 1-cochain c M is called the characteristic 
class of L: 

char(L) = [log( C/1 )] E H l dm {Q). 

One checks easily that if L,Li,L2 6 Rcp(C?), then: 

char(L*) = — char(i), char(Li <g> L^) = char(Li) + char(L2)- 

Also, if ($, 4>) : Q — > TL is a morphism of Lie groupoids, and L G Rcp(%) then there 
is a pull-back representation <jf L G Rep(<5) and we have: 

char(0*i) = $* char(L), 

where $* : H' m (H) — > H' m (Q) is the map induced by $ at the level of cohomology. 

Finally, if L is not orientable, then one defines its characteristic class to be the 
square root of the characteristic class of the representation L C3> L, so the formulas 
above still hold for non-orientable line bundles. 

If Q M is a Lie groupoid with Lie algebroid A — > M, then Q has a canonical 
representation on the line bundle L A := A top A <g> A top T*M: for each g e G let 
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b : M — > Q be a (local) bisection at g and ib ■ G ^ G the (local) inner automorphism 
denned by b 

l b (h) = b(t(h))-h-b(s(h))-\ {heG). 

One may see that, for each v (g> G L A , g y 

does not depend on the bisection b chosen and defines a representation of G on L A . 
Then we set: 

Definition 4.2. The modular character of a Lie groupoid Q M relative to a 
nowhere vanishing section [i G T{L A ) is the characteristic cocycle c p : G — > ^ x of 
the representation L A . The modular class of G is the characteristic class: 

mod(<?) := pog(c„)] G H&gOS). 

If A is the Lie algebroid of the Lie groupoid Q, every representation E — > M of 
G induces a representation of A, and there is a van Est map 

VE:H' dm (G;E)^H'(A;E). 

This map is described in detail in [3], where one can also find conditions that 
make this map into an isomorphism. We shall only be interested in degree one 
cohomology, in which case VE is always injective (recall that G is assumed to be 
source connected). Moreover, when G = G(A) is the source 1-connected groupoid 
of A, the van Est map is an isomorphism in degree 1: the integration map which 
associates to a Lie algebroid cocycle a G Ft 1 (A) the groupoid cocycle 

c([a]) = a, 

J a 

gives the inverse of VE at the level of cohomology. 

Under this correspondence, the modular class of the Lie groupoid G corresponds 
to the modular class of its Lie algebroid A and vice-versa: 

Proposition 4.3. If Q is a Lie groupoid with Lie algebroid A, then the canonical 
representation of G on L A induces the canonical representation of A on L A , and: 

mod(A) = VE(mod(</)). 

Conversely, let G(A) be the source 1-connected Lie groupoid of the Lie algebroid A. 
If fJ, G r(L ) is a global section, the corresponding modular cocycles G Ft 1 (A) 
and Cfj, : Q —> M x correspond to each other and we have: 

c m([«]) = ex P( / "m)- 

J a 

Given a morphism of Lie groupoids $ : G — > H one defines the modular class 
of the groupoid morphism by: 

mod($) := mod(£) - $* mod(ft) G H\ iS {G). 

It follows from the previous proposition that this class is related to the modular 
class of the induced morphism at the level of the Lie algcbroids $* : A — > B by the 
van Est map: 

mod($*) = VE(mod($)). 

Moreover, when G = G{A), if one chooses global sections of L A and L B , the cocycles 
representing the modular classes of the morphisms are related by integration. 
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4.2. The modular character of a symplectic groupoid. Let us turn now to 
the global objects integrating Poisson manifolds, i.e., symplectic groupoids. 

Recall that if (Q, il) is a symplectic groupoid, then the base M carries a canonical 
Poisson structure for which: 

(a) The source (respectively, target) map is a complete Poisson (resp., anti-Poisson) 
map; 

(b) The Lie algcbroid of Q is canonically isomorphic to the cotangent Lie algebroid 
T*M. 

Let us fix a volume form /i £ il top (M). Then the modular vector field is a 
cocycle representing the modular class of the Poisson manifold M. On the other 
hand, since fi <g> fi defines a global section of the bundle L T ' M = T*M ® T*M, we 
also obtain a function c M : Q — > M x which represents the modular class mod(Q). 
Note that these modular classes are related by a formula which differs from the one 
above by a factor of 2: 

2mod(M) = mod(T*M) = VE(mod(<7)). 

The presence of the symplectic structure provides additional features to the con- 
struction: we can form the (local) hamiltonian flow associated with the hamiltonian 
function |log(c^). This gives rise to a (local) 1-parameter group $t : Q — > Q of 
symplectic groupoid automorphisms which then must cover a 1-parameter group of 
Poisson diffeomorphisms (f) t ■ M — > M: 



M M 

4>t 

One easily checks that: 

Proposition 4.4. The 1-parameter group of Poisson diffeomorphisms (f>t '■ M M 
coincides with the flow of the Poisson vector field . 

Since the van Est map is injective in degree one, we have that mod(C?) = if 
and only if mod(A/) = 0. In fact, the Poisson vector field X^ is the hamiltonian 
vector field associated with h : M — > R if and only if the cocycle \ log(c M ) is exact: 

- log^) = /»ot-/ios, 

In this case, the 1-parameter group of automorphisms <&t '■ Q Q is inner: it is 
given by conjugation by the 1-parameter group of Lagrangian bisections bt ■ M — > Q 
which arc obtained by moving the identity bisection by the flow of the hamiltonian 
vector field X] los . 

If we start with a Poisson manifold (M, 71m), it is well known that its cotan- 
gent Lie algebroid T*M need not be integrable. However, for integrablc Poisson 
manifolds, the Weinstein groupoid £(M) := Q(T*M) is automatically a symplec- 
tic groupoid. It follows from the general theory for Lie groupoids that if we fix a 
volume form /i G f2 top (M) the modular character c M (relative to fi ® n) and the 
modular vector field X^ are related by: 

\\og{ Cll {[a))) = J X^ 

for any A-path a : I —> A. 
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4.3. The modular character of a Poisson map. Given a Poisson map <f> '■ 
M — > N, what is the groupoid (integrated) version of mod(0)? Note that a general 
Poisson map between integrable Poisson manifolds does not induce a morphism 
of the corresponding symplectic groupoids. Hence, the results above, relating the 
modular classes of morphisms of Lie groupoids and the modular classes of Lie 
algcbroids, do not have an analogue for Poisson maps. 

Instead, as we have pointed out before, the key fact is that the graph of a 
Poisson map <f> : M N is a coisotropic submanifold, graph(0) C M x N. Recall 
from Section 1.3 that this means that the conormal bundle to the graph gives a 
Lie subalgebroid i/*(graph(0)) C T*M x T*N, and that there is an isomorphism 
(j>*T*N ~ i/*(graph(</>)). 



(27) 



*T*N 



M 



^*(graph(</>) C T*M x T*N 



p-aph(0)) C M xN 



Lie subalgebroids of integrable algebroids are necessarily integrable. Hence, assum- 
ing that both M and N are integrable Poisson manifols, it follows that the Lie 
algebroid i/*(graph(0)) is also integrable, and so is 4>*T*N. However, it is impor- 
tant to note that a Lie subalgebroid, unlike the case of Lie subalgcbras, may not 
integrate to a Lie subgroupoid (see [25]). 

Using the results of [2] (see, also, [9]) we conclude that: 

Proposition 4.5. Let (f> : M — > N be a Poisson map between integrable Poisson 
manifolds. Then <p*T*N and ^*(graph(0)) are integrable Lie algebroids and the 
diagram (27) integrates to a diagram of groupoid morphisms: 



Q{^*T*N) 



M ■ 



graph(^) C 



S(M) x T,{N) 



M x N 



where the first map of the top row is an isomorphism and the second map is a 
Lagrangian immersion (possibly non-infective). 

Now we can finish our task: choose volume forms fi G il top (M) and v G il top (N), 
so these define the modular characters c M : £(M) — > K x and c„ : £(-/V) — > M x . 
Denote by / : Q{(j>*T*N) ->• £(M) and J : Q{<j>*T*N) -> E(JV) the groupoid 
morphisms integrating the Lie algebroid morphisms i : (j)*T*N — > T*M and j : 
(j)*T*N T*N. 



Definition 4.6. The modular character of the Poisson map 

the groupoid morphism: 



M -> N is 



c^v : G((ty*T*N) 
It follows immediately that: 



g^ C ^I(g))c v {J{g))- 1 . 



Corollary 4.7. Let <f> : M — > N be a Poisson map and choose fi G f2 top (M) and 
v G n top (N). Then the modular character of <fi is given by: 



-log(c^([a])) 
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where A Mi „ is the modular vector field of 4> relative to /i and v. In 'particular, under 
the van Est map: 

H\g{^T*N))^Hl{4>) 

2$ g( c p.,v)} ' — > mod(0). 

4.4. Complete Poisson maps. Recall that a Poisson map 4> : M — > TV is called 
complete if whenever Xh is a complete hamiltonian vector field on N then Xh 0t j> is 
a complete vector field on M. The category whose objects are integrable Poisson 
manifolds and the morphisms are complete Poisson maps plays an fundamental 
role in Poisson geometry. This is illustrated by a deep theorem of Crainic and 
Fernandes [6] stating that a Poisson manifold M is integrable iff it admits a complete 
symplectic realization, i.e., if there is a symplectic manifold S and a surjective, 
complete, Poisson submersion <fi : S — >• M. We will see that for complete Poisson 
maps the theory of modular characters can be made more explicit. 
A basic fact is the following: 

Proposition 4.8. Let <f> : M — > N be a complete Poisson map between integrable 
Poisson manifolds [M,txm) o,nd [N, 7Tjv). Then there is a natural left action of the 
Lie groupoid S(iV) on M with moment map <f>. 

Proof. We construct the action as follows. For each g = [a] € S(iV) and m 6 M 
such that <p(m) = s(g), consider 7, the unique curve on M starting at to such that 
4>(j(t)) — j(t) and n^^-^a^) = ^(t). Notice that the curve a(t) — (jy~^a(t) is a 
cotangent path in M. The action of E(iV) on M is then given by: 

g-m:= 7(1) = t([o]). 

This is well defined because if ag and a\ are cotangent homotopic paths then, by 
the results of [5], the corresponding paths 70 and 71 are also homotopic relative to 
the end points, and in particular 70(1) = 7i(l)- D 

Given a complete Poisson map <f> '■ M — > N we denote by <fi*T,(N) =4 M the Lie 
groupoid defined by the action of S(iV) on M with moment map (f>, i.e. 

0*£(AO := {(to, g) e M x S(iV) : s(g) = 0(m)} , 

with source and target maps: 

s(m,g):—m, t(m,g):=g-m. 

Proposition 4.9. The Lie groupoid 4>*T,(N) is a source 1-connected Lie groupoid 
integrating the Lie algebroid <p*T*N, i.e., <j)*Y,{N) ~ Q((j)*T* N). Moreover, the 
two Lie groupoid morphisms L : Q(cf>*T* N) — > E(M) and J : Q{<j)*T* N) — > X(-/V) 
correspond to: 

L : <j)*Y,(N) S(M) J : 0*S(iV) T,(N) 

(rn, [a]) >->• [a] (to, [a]) >->• [a). 

Proof. Notice that the source fibers of 0*£(7V) are diffeomorphic to the source 
fibers of S(iV), so they are 1-connected. If we compute /* : cf>*T*M -> T*M and 
J* : tfi*T*M — > T*N we obtain the algebroid morphisms i and j, so the result 
follows. □ 

We conclude that for a complete Poisson map <fi : M —> N, the Lie groupoid 
0*S(A r ) ~ Ctj, is a Lagrangian subgroupoid of E(M) x £(iV), a much better state- 
ment than the general situation given by Proposition 4.5, where the Lagrangian 
subgroupoid is only immersed. As a corollary, we obtain a simple expression for 
the modular character of a complete Poisson map: 



;so 
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Corollary 4.10. Let (f> : M —> N be a complete Poisson map between integrable 
Poisson manifolds. Its modular character c^.u : 0*E(V) — > R x relative to volume 
forms ^ S fl top (M) and v G n top (N) is given by: 

^log(c M ^(m, [a])) = J_ x n~ J X »i 

where a is the unique cotangent path in M starting at m and lifting the cotangent 
path a. 

Example 4.11 (Poisson submanifolds) . Let N be a Poisson submanifold of M. 
The inclusion map (f> : N » M is obviously a complete Poisson map. The action 
groupoid <fi*T,(N) is just the restriction of E(M) to N which we denote by Ejv(M). 
This groupoid has an obvious representation on the normal bundle v(N) and, hence, 
a representation on A top v*N. It follows from Theorem 2.7 that the characteristic 
class of this representation corresponds under the van Est map to the relative 
modular class of the Poisson submanifold N (up to a factor of 1/2). This shows, 
for example, that for a proper Poisson manifold M (i.e., a Poisson manifold M 
whose Weinstein groupoid E(M) is proper) the relative modular class of any Poisson 
submanifold vanishes. 

Example 4.12 (Surjective submersions). Now suppose that the complete Poisson 
map <j) : M — > N is a surjective submersion. By linearization of the natural action 
of E(iV) on M, we have a representation of 4>*T,(N) on Vert with moment map 
p : Vert — > M, the canonical projection: 

(m,g) ■ v = d m T g (v), 

where T g : p^ 1 (s(g)) — > p^ 1 (t(g)) is the action by g G E(iV). Hence, we also obtain 
a representation of </)*E(7V) on A top Vert*, and it follows from Proposition 3.5 that 
the characteristic class of this representation corresponds under the van Est map 
to the modular class of <\> (up to a factor of 1/2). 

4.5. Poisson quotients. Let $ : G x M — > M be a Poisson action of a complete, 
connected Poisson-Lie group (G, tig) on an integrable Poisson manifold (M, ir). Our 
aim is to explain the relationship between the modular characters of the symplectic 
groupoids integrating M and M/G. First, let us recall how one can obtain a 
symplectic groupoid integrating M/G as a symplectic quotient of E(A/). 
The induced map j : T*M — >• g* defined by 

< j(a),£ >= 6 ^ £ G g), 

is a Lie bialgcbroid morphism and integrates to the morphism of Lie groupoids 
J : E(M) -> G* given by: 

J([a]) = \joa], Q«]eE(M)). 

It was proved in [13] that there exists a lifted hamiltonian global action Gx E(M) — >• 
E(Af) with momentum map J : E(M) — > G*. Since J is a Poisson map, it is G- 
equivariant 

J(g[a])=gJ([a}), (g e G, [a] e E(M)) 

and it follows from the groupoid morphism property of J that the following twisted 
multiplicative property holds: 

g([a].[a'}) = ( J ^g [a]).(g [a']), (g G G, ([a], [a']) S E(M)( 2 )). 

In the above formulas u g means the left dressing action of u € G* on g G G, while 
means the left dressing action of g G G on u G G* . 

The twisted multiplicative and Poisson properties imply that J _1 (e) G E(M) is 
a coisotropic Lie subgroupoid whenever e is a regular value of J. This is the case 
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if the action of G on M is proper and free and in this case one can show that the 
symplectic quotient: 

E(M)//G:=J- 1 (e)/G, 

is a symplectic groupoid integrating M / G. Note that, in general, one has S(M) / /G ^ 
Y,(M/G), since the former may fail to be source 1-connected (see [13]). 

Let us now choose a volume form /j, £ f2 top (M) of type (15) and let c M : £(^-0 — > 
R x be the modular character of E(M) 

Theorem 4.13. The 1-cocycle c M : J _1 (e) — > R is G-invariant and it induces a 
groupoid morphism c M : J~ l {e)/G — > R. Moreover, if J~ 1 (e)/G is source connected, 
we have: 

VE[logc M ] = 2mod(A//G). 

Proof. Equation (19) and the fact that G is connected allow us to prove that 

logc M (( 5 [ a ])[a]- 1 ) + logEv Xo (J((. 9 H)[a]- 1 ))-logEv flo (( J ([ a r 1 ) ff ) 5 -i) = o 

Here, for £ in the center of the Lie algebra g we have denoted by Ev^ : G — > R the 
corresponding group homomorphism. 

Now, the G-invariance of logc M : J _1 (e) — > R is an immediate consequence of 
this last equation. Finally, Theorem 3.6 guarantees that 



VE 



logc M 



= mod(M/G). 

□ 
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